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Laminar Two-Phase Boundary Layers in Natural Convection
Film Boiling

By Travcorr H. K. FREDERKING, Ziirich )

The steady laminar two-phase bourndary laver consicered here is generated in the
gravity field by the diffusior. of heat from solids, {vertical plates and a long horizontal
cvlinder), which are being kept at a temoperature above the Leidenfrost peint {(heat
finx minimum). Consequently fiim boiling takes place. Extending NusssLT's basic
work [11%} recently more complete similar solutions of two-phase boundary layer
fiow [Z, 3] were presented for film condensation. In the present work film boiling
solutions are given including the influence of momentum transport at the vapor-quid
interface and covering the whole range of vapor superheat up to the highest values
which are physically possible in purs convective heat transfer. Helium data obtained
in a continuation of previous work [4] are compared with the solutions.

1. Boundary Layer Equations for the Vertical Plate

A system of Cartesian coordinates is taken with origin at the leading edge, x axis
vertically upwards, ¥ axis normal to surface, Since the acfal flow is complicated an
idealized model has to be introduced. Due to this reason further the integral method -
{vay KARMAN-Porr=avszy 75)) will be applied leading quickly to resuits which are
satisfactory within the limit given by the model. We assume incompressible fluid,
constant physical properties, a smooth interface, negiigible dissipation and radiation,
and deal further with the special case of saturated liquid and isothermal walls. Due
to the property assumption the analysis is not valid at pressures in the neighborheod
of the critical point. Very low pressures, on the other hand are excluded by negiscting
meen fres path effects. The equations of momentum and continuity for steady laminar
flow of the vapor fiim are
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respectively, where w, v are the components of velocity with respect to the x, v
axes; g and u are the density and coefficient of viscositv respectively; and ¢ is the
acceleration due o gravity; vapor properties are written without subscript, whereas
the subscript L refers to liquid quantities. A second set of equations of momentum
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and continuity describes the liquid boundary laver adfacent to the vapor film, These
equations may he obtained from Equatians (1) and {2 by replacing the vapor proger-
ties by those of the liguid (e.g. p — art.

The diffusion of heat through the vapor film is governed by the equation

o7 & 9T
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where T, ¢,, and % are the absolute temperature, specific heat at constant pressure
and heat conductivity respectively.
The boundarv conditions are:

at v={ {vapor film}, y =0 =0; T = T,, }
ag v - oo (liquid), o —= 0, {4
at y =4, T = T, (saturation temperature) , J

where d is the filin thickness; subscript ¢ refers to interface quantities. By inserting the
hvdredynamical wall condition (4) into Equations (1) and {3) it follows that

#l5), = S AT, -, ®

At the vapor-liquid interface certain conditions have to be fulfilled which resuit from

the physical requirement that the tangential velocity, shear stress, and mass flow

density have to be continuous. Further the interfacial heat flux through the vapor

exceeds that through the liquid by an amount which is necessary to produce the

interfacial mass flux of evaporated liquid. The four conditions are {y = &):
Tangential velocity

3{;- = ﬁ'f,L . |:6)
Shear stress
T;=7%;,, wheret, = ‘u.{ g}f) (7)
Mass flow density
d
my=m, ;. where m,=p ';T / wdy. (8
G
Heat flux
. o7 _ . X i
TR T A “

where A4 1s the latent heat of vaporization.

After having integrated the boundary laver differential equations over the film
and liquid boundary laver thickness respectively the following set of equations is
obtained.

Momentum equations:

Vapor film

3
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Hquid boundary laver

¢ D

PRI AT Boiid

or g | dy + ittty = =gy 5 )s,;* (11}
a

where 67 is the complete thickness of the two-phase boundary layer. We note that
d=4r=0atx=0,
Energy equation:

T ~Tydv= [{ R "'—"3)0] (12)

dx ! - g LU 0¥ S L D)

2. Solutions of Equartions (10), (11}, and (12)

To take advantage of the integral method we introduce functions for velocity and
temperature approximating the exact profiles /37, avoiding however the computational
effort required for exact solutions to Equations {1}, {2), and (3). The following func-
tions are chosen: '

Vapor velocity

u g . s
f();):z_‘-z(‘i-—f)?;—r@?—a-t) 7, {13)
- d
where 7 == y/3, and the reference velocity s =1/ / udv.
1]
Liquid velocity
Ff)= - =1-20+ 3, (14)
where { = (v — 8)/{3; — &} .
Temperature
O=2=L 1 R g (K, —1 (15
=T =7~ Rene e U 42

where I, 1s equal to the negative dimensionless temperature gradient at the wall.

Lqguations (13}, {14), and {15) Lave been obtained by introducing polynomials of
the third degree for the vapor profiles, and 2 polynomial of the second degree for the
liguid velocity ratio, fulfilling the conditions (4} and (3}, aside irom one simplification.
Instead of the hydrodvnamical condition {3} a vanishing second derivative of tie
velocity at the wall, with respect to v, has been inserted into the function /f(») in
accordance with a saiisiactory result for the corresponding one-phase problem withont
boiling {6, This is expacted to cause only 2 small error in the final heat transier result
if we consider the idealized model adopted, particularly the Linearization underlving
the formulation of the gravity term in Equatien (1), The dimensionless parameters
contained in the functions (13), {14), and (15) do account for changes of the profile
shape caused by the governing physical variables and have to be evaluated sub-
sequently.

Soiutions for the unknown film thickness § and reference velocity w are now sought
which satisfy the Equations (103, {11), and (12). Since the form of the unknown
functions and part of the variables involved are known [4], the desired quantities may
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be expressed briefly arriving finally at simple algebraic equations between the deter-
mining perameters and dimensionless variables. The vapor film functions are

Hr¥g C, (Grjue (16a)
or
. r— 4 12
w=C, (‘g _‘.g—) X2 (16D}
(T (17a)
Qr
5= Cy (L) mn (g ST (175)

where Gr, is the Grashof number containing the density difference or the gravity term
respectively. Similariy the liguid variables are

iy = Cu,L (g Q_Lé__g)”g xl;‘2l (18)
o, =Cqs 1 (’:—i)‘” s ['g ﬂ«uo__i) “ (19)

where J; = 47 -~ § is the liquid boundary layer thickness. Since these functions (16),
{17}, (18), and (19) satisfv the integral equations the parameters ¢, and C,; may be
evaluated after having inserted furiher the profile functions (13), (14), and {13} into
the Equations (10}, (11), and (12). We obtain from the momentum equation (10) for
the vapor film

Gl @-RE koY o

whereas the interfacial conditions (6) and (7) are rewritten 2

.

ey wp ar U2 2
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(21)

After having made use of (21}, and the functions introduced above, the momentum
equation for the liguid boundary layer {11) yieids an equation containing oaiy Vapor
film parameters

a T ir or g2 .3 uny C, ERIFE
3 | AL gE S tis) 2 e _ £y 29
C"‘ C‘; b Eo (8= 3uym T T Cys (8 rd ) ( )

In this equation the ratio of the transport properties and densities 1 9jur oy appears
as the physical quantity which determines the hvdrodvnamical conéitions at the
interface. It is mostly small since the lquid fluidity 1ju, is about one order of megni-
tude smaller than that of the vapor, and since g/p, ~ 10-%. From the energy equation
{12) the thermal parameter K, is found w be

3ode ey oo
o L= b3 aas] @)
L 1 4 R -
[1 + 210 (16 %) &G Pr]
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where Pr is the Prandtl number. The thermal interfacial condition (9) finally relates
the ratio Aic, AT, where A7 = (T, — 7}, to other fim parameters and the Prandtl
number

B-2K)=2prc,c == (24)
In order to compute numerical results from our final svstem of Equations {20}, {22),
{23), and (24), use mav be made of simpler functions which are valid for certain
special or limiting conditions, e.g. o, 5, = 0. In the general case, for a given ratio
# ol or and Pr, a value of C; may be specified which is proportional to the film
thickness. After having eliminated the velocity ratio 1;fa from Equations (20) and
(22} the £, value can be found. Onee a set of Cy C, values has been determined it is
23 1o obtain & which is proportional to the wall heat flux from LEquation {23), and
ife, 4T may be found from Equation (24). Thus the important quantities may be
evaluated, particularly the heat transfer from ths wall to the film.

3. Heat Transfer Result for the Plate

Expressing the heat transfer in terms of dimensionless quantities the local value
of the Nusselt number is usually defined as

- . kx (ol % _
N U, = T = — [a—y—-’lo —ZIT , o (233.)
thus : .
v Eex  Ky(Gris -
Nu, = = o . (25b)

making use of Equation (17); 4 is the heat transfer coefficient.
Since & = x~14 the mean value of Nu over a distance L is 4/3 times the local value

at ¥ = L, hence

4 K,

A7, 14
Nu Gr 3T,

(26)
where the reference length in Gr and Nu now is Z instead of ». Equation {26} is nsefn]
in the general case, however simple expressions resuit ior certain conditions to be
dealt with subsequently, .

Cresping motion, 1f the temperature difference is small, 1.e. also the heat trans-
ferred from the wall, the rate of evaporation and the mean vapor velocity likewise
have low values, and inertia forces and energy convection can be neglected. Qur
svstemn of equations becomes very simple, and the mean Nusselt number may be
written as

- 20 Aley AT s e
N = — —_r . 7
o 3 { Gr Pr (1 — 0-3 w2, \27)

We note that Equation (22) provides an asymptotic vaiue of the interfacial velocity
ratio

(i&} u.?.:l.ﬁas _;f_..?._a,-oc,
/o 5 ML 0L
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whereas integrating Equation {1} vields & parabolic profile with
3 =
'? = 1.5.

Zero Liguid Fluiditv. In the lmiting case uo/u; o; = 0 the interfacial velocity
vanishes [Equation (221, We may discuss three different solutions which approxi-
mate the resuit from Equation (26) over a lmired range of vapor superheat.

a;} Creeping motion. At very small vapor superheat, according to Equation (27), is

- Ao -
(.\Gr b ¢y ) @)

wif 1

.'.\rffo = .
b] Moderate Superheat. If the inertia forces are neglected, energy convection,
however, is taken inta account the Nusselt number becomes

. 2 s [on f A 27 32 .\
Nu= 3 (Gr Prpa [k e -t RDH . (29)

Approximations of this kind overestimate the heat transfer at high vapor superheat.
¢) High superheat approximation. B v inserting a vanishing interfacial temperature
gradient into the temperature profile Equation (15}, i.e. K, = 3/2, the following

" approximation is obtained '

130)

where the abbreviziion has been used

* = J - 3‘_5_ _‘;’__)
Pr —Pr(l "I A7)
As e, 4T =0 the Lmiting value of N% will be N = const (Gr Pr}¥, and in
particalar for Pr = 0.7
Nu = 0311 (Grite (31)

4. Discussion of the Plate Solutions

The interfacial velocity ratio and the heat transfer results have been plotted in
Figures 1, 2, 3, and 4 versus Aoy AT or e, AT{A respectively inserting Pr = 0.7 as a
value which represents a large group of substances. At creeping motion the mean
‘apor vetocity and the momentum transfer at the interface are smail. If AT € 1
the ratio u,fu rises fast, with increasing wpfu: oy, towards its asvmptotic value
{4/%t)e. At this small vapor superkeat the Lquid, according 1o onr model, behaves as
a mobile fluid. and «,/i is high over a large range of woju, g excluding zero Nguid
fluidity. At high values of ¢, T2, on the other hand, the mean velocity of the vapor
is high and cemsequently alse the interfacial shear stress. In this case the Hguid
behaves as an immobile medium rather than a low-viscosity fluid, and the velocity
ratio is small in the range 0 < 4 ofwr ¢r < 1 which only has physical significance.

he different role the ratio u iy, o plays at different values of Ajc, AT is reflected
int the heat transfer resuits. We note that 4 ofur 9 has a secondary influence on the
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Figura 2
Heart trazmsier in fim boiling on a vertical plate {{ Pr = 0.7} {¥u, according 1o Equation {28]].
- - - actual beiling curve (schemartically] /f//{//! experimental niiregen restlts, Reference J101

Figura 3
Heat transier in film boiling on a vertical plate (Pr = 075 woipup oy, = 0)
a) Bquation (29), &) Equation (29}, ¢j Equation (30), 41 Equation (26,

93
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Figure 4
Plate solutionz (Pr = (-7).

heat transfer particularly since values near yofuy gp = 1 (critical point}, have to be
excluded due the property assumption underlying the analysis, In Figure 2 the
Nusselt number ratio has been plotted versus ¢, AT[Z, the reference number Nu,
being that of Equation (28}. Results for smail superheat, below the Leidenfrost point
do not have any physical significance since transition boiling takes place. Therefore Nu
has been plotted in Figures 3 and 4 versus Afc, AT to have a better presentation of
moderate and high superheat results where inertia forces partiaily compensate the
Nusselt number increase due to energy convection. In Figure 3 the different approxi-
mations arising from Equations (28), (29), and (30) are compared with the result
Equation (26} inserting zero liquid fluidity, In this special case the liquid behaves as
a quasi-rigid bodv from which molecnles evaporate into the vapor film. As {o he
expected Eguation (28) underestimates the heat transier at large temperature
differences, Equation (29) gives Nusselt numbers which are too high at Aje, AT < 1,
and Equation {30) overestimates Nu at ije, 47 > 1. We remari that the zero liguid
finidity soluticr of the present integral treatment is nearly identical with a first order
approximation obtained by inserting a mean excess enthalpy of the vapor of

L, 1
Agr= A+

; e

¢, AT (32:

I3
|
\

into the Equation {28} valid for creesing motion.
Figure 4 shows the Nusseit number as a function of 4ic, AT for different valuss of
the ratio g niu; g0 At high supstheat N is nearly uninfiu

3. Horizontal Cylinder

According ‘o the boundary layer assumption of a thin film only the gravity term
has to be changed in Equation (1} or (10) respectively replacing it by g (o2 — g}/
osinx/R, where'R is the cyiinder radius. Neglecting the inertia forces the same differen-
tial equation results which has been solved by Nusselt 1] for analogeous boundary
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conditions in film condensation. According to Reference [1] the over-all heat transfer
coetficient of the cylinder is equal to that of a plate with height L = 2.85 D, where
D is the diameter of the cylinder. At high superheat the svaluation also is easy if the
Inertia forces are overestlmated 7] by simplifiing the momentum eguation and
taking a smal! error into account. We obtain the following approximate solutions for
the special case of zero liquid fluidity:

a) Creeping motion

L ; Dy lid
Nuy = ’—é-:’— = 0513 (i"—i%] , {33}
yul !

where the referance length in Gr is the diameter,
b) Moderate superheat

. . K3 i 27 32 .\t
Nuty (Grp Prybs = 0802 [B8 (A + 2L - 22 &)™ (34)

c) High superheat

. 99 Grp Pre? i
Nty = 0:802 |22 %D &7
Nup = 0-802 [560 (B~ — 33/33) ] (35)
In particular, for Pr = 0-7 and Ao, AT = o0
Nup = 0-333 (Grpits. (36}

These functions have been plotred in Figure 6 including the first order estimate which
results {rom Equation (33) with 4 replaced by 7,.,, Equation (32). To account for s
finite lquid fluidity Figure 2 may supply small corrections.

Though some of the physical features associztad with film boiling mav be under-
stood readily from the model adopted experimental support is needed due to the
stmpiifications iniroduced into the analysis. The property assumption is justifiable
over a large pressure range exciuding near-critical and very small pressures if the
vapor properties are evaluated at the arithmetic mean film temperarure [87; (1 ofur o
siould be evaluated at saturation conditions). The presumed smooth vapor-ligquid
interface, however, does not exist. Considering only inertia effects caused bv inter-
‘acial wave motion the Nusselt number should decrease, however the decrease may be
completely compensated by a reduction of the thermal resistance of the filnr. From
film condensation results (97 we might expect that the increase of Nu in film boiling
amounis also to a few ten percent i our approximate resuit is close to the rigorous
solution which exactly describes film boiling with a smooth interface.

6. Comparison with Experimental Results

Laminar film boiling occurs rather infrequently in phvsical reality compared to
turbulent motion, It prevails near leading edges, stagnation points, and on small
objects. In Figure 2 for the plate an approximate curve has been plotted including
transition boiling and low rear-laminar heat transfer results obtained from vertical
short tubes [10]. If the liquid under consideration has a high boiling point the laminar
heat transfer may be completely masked by radiation.

95
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Figure 5
Film beiling on a horizontal cvlinder at high vapor superheat:
a thin wire correlation Reference (47, & Equazion {36}, ¢ Senftleben function, Reference [12].
Helium experiments (1 atm) at 10° D em: 7 483, T 2-05, w 200, O thin wire data, Reference [4].

o

o
NU: 5!3 !
a8

Gt e

42

Filin botling on a horizorral cviinder. Salutisns {Pr = 0.7):
a2 Equation (331, ¥ Equation {34), ¢ Ecuation :30‘1 4 Approximation = quaucr-. 32 and (22!,
¢ BroMezy's Equaticn (37).
& O, dzta, Reference 7135}, + H, data, Raference (147, He da:ia as noted in Figure 3,

On the horizontal cylinder the flow path is short and laminar moiion possible. Due

to its simgple form Eguation (33) for creeping morticn, combined with Equation (32),

is verv advantageous for correlating experimental resuits by means of a constant to

be adjusted by experiments. The first boiling equation given by BROMLEY [11 7 is a
aseiul correiation of this kind

A Forr W4 3

Nupy =062 (f'rDPr ,_IT] . (37)

Thus the heat transfer is approximately 209 higher than that of the correspending

zero liquid fluidity solution, Aiter having subtracted roughly 59, to account for the
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finite fluidity of the liquids used in BROMLEY's experiments an increase of Nup of
roughly 159, results which is due to secondary influences not accounted for, e.8.
interfacial waves, and errors of the integral treatment.

High superheat convective film boiling can be studied in hellum experiments
without remarkable radiation since the boiling point of helium is low and the heat of
vaporization small. Therefore previous investigations 4, were continued in an atiempt
to obtain data of the boundary layer type heat transier. To avoid prohibitive Lelium
consumption most of the data fad to be taken during siow transients atter having iound
agreement between preliminary steady state and transient tests. {Details of the ex-
periment have been described in Reference [4]; 2 minor, however economic modifi-
cation was to heat the cylinders outside of the bath prior to the cool-down test.)
Helium has a value of pelurgr = 3.10-% at atmospheric pressure, and about
1,8 10-% at the A-point. _

As Figure 5 shows the boundary layer regime could not be reached completely.
The Nusselt number at high supecheat film boiling changes with Grp approximately
in the same way as Nup of one-phase free convection with the one-phase Grashof
number, For the latter case ceveral semi-empirical correlations are known, €.8.
Reierences (6, 12,13]. Tohavean astimate of the boundary laver type Nusselt number,
(Nttpjrear @ correction was applied to reduce the experimental vaiue, {(Nttp) e DY
means of the following equation [13] -

Niup!
AT Y _ {- Dierp
(:\ Uplreg ™ 1 — i+ Ggyb-ﬂ'il'} . (38\I

As Figure 6 shows the present data suggest an approximation, for Aic, 4T € 1,
Nup Gt = = 043 (39)

in contrasi to the previously estimated value 0-40. As Figure3 indicates the previous
approach leads to 2 value which is too small. The use of Equation {39) without
experimental support s not recommended. This extrapolation may be in error if the
lamminar flow would becorse unstable and surbuient at small film Reynolds numbers;
(compare the hydrogen results (14 in Figure 6 which are remarkably higher than the

b=

oxygen data [137). Including the new experimental data the heiinm heat transfer
from thin cylinders at high superheat iiim boiling may be represented by

Nup = 1.2 G/ = 000 GrE% fe <y 107 Gro < 10%. (40)
bu Y
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Zusammenfassung

Es wird die zweiphasige Grenzschichtstrémung behandelt, die beim laminaren Film-
sieden an einer vertikalen Platte und an einem langen herizontalen Zylinder unter den Be-
dingungen natiirlicher Konvektion entsteht, In den Rechnungeq wird der gesamte Bereich
derienigen Dampfiiberhitzung miterfasst, in welchem rein konvektiver Wirmetransport
méglich ist unter Einschiuss des Impulstransports an der Phasengrenziliche, Neue
Hellummessungen und bekannte V ersucnsergebm_se stimmen in befriedigender Weise mit
den Rechoungen dberein, wenn man beriicksichtigt, dass ein wvereiniachies Strdmungs-
modeil mit einer glatten Phasengrenzfliche vorausgesatzr ist.

{Reeaived: 2 June 1962.)



